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Abstract. This article aimed to describe students’ mathematical argumentation competence in solving
cubes and pyramid problems. The kind of problem to be solved in this study referred to proving. The
students’ mathematical arguments were thoroughly analyzed using Toulmin scheme. It used
qualitative method. The data was collected by asking 40 students to do argumentation task by thinking
out loud strategy. The subject’s works would be compared to the problem structure based on the
Toulmin scheme. From data analysis, it found three kinds of mathematical arguments the students had
made to solve cubes and pyramid problems. Those three mathematical arguments were inductive-
incomplete, inductive-complete, and deductive arguments.

1. Introduction

Mathematical problems are classified into two categories including to find and to prove [1].
Solving to prove problems is vital since proof is the core of mathematical thinking [2], [3]. By proving
things, students may interpret any symbols and logical statements, as well as relating definitions to
theorem, to train their logical thinking,

The proofing is commonly in the form of mathematical statement “p(x) = g¢(x)”, therefore,
problem solver should understand logical implications [4], [5]. [6]. When he proves implication truth
“if p(x) then g(x)”, he should describe a reason behind his argumentation in order to ensure the truth he
had just addressed, in addition to defining the truth “if p(x) then ¢(x)”. Furthermore, he should also
understand the rules of proving the statement.

When solving to-prove problems, the problem solver needs supporting arguments [7]-[14].
Developing such competence of making argumentation is vital for the problem solver to define, reveal,
and support reasonable solutions. Through argumentation, he may give descriptions to either support
or refuse a premise, standpoint, or idea. When he has argumentation competence, he may correct his
solution and action, and undoubtedly leave his hesitancy in solving a problem. He is more independent
to select or even propose a reasonable solution.

The arguer (those revealing arguments) constructs his arguments using Toulmin scheme [15] in
addition to relating between premises and conclusions to get more complex argument analysis. The
scheme consists of data, claim, warrant, backing, rebuttal, and qualifier. Data contains actual facts to
support claims. Claim is a statement that refers to the truth. Warrant is a hypothetical proposition to
bridge and correct the steps. Backing presents further evidence such as legal basis for the warrant.
Rebuttal refers to any exceptions for arguments. Qualifier shows the level of power the data gives to
the claim by warrant.

!ontent from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
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Figure 1. Toulmin Scheme

Arguments may reveal in terms of either dialogue or non-dialogue [16]. For instance, non-dialogue
argument refers to problem solving. This activity evokes both self-interaction and self-debate. This
non-dialogue argument is fundamental for an individual to show and ensure that his viewpoint is right
through self-arguing [17]. Therefore, this study aims to identify students’ mathematical argumentation
competence in solving cubes and pyramid problems. The students’ mathematical argumentation is
thoroughly analyzed using Toulmin scheme. Four components including data, backing, warrant, and
conclusion are all based on students’ written works, while rebuttal and qualifier are seen from the
result of intereview.

2. Methodology

The subject of this study is The Students of STKIP PGRI Jombang. They were asked to solve
argumentation problems individually. The instrument to be used in this study is classified into two
categories, including main and supporting instruments. The main instrument refers to the researcher
self who acts as the planner, data collector, data analyst, data interpreter, and reporter. The supporting
instrument refers to argumentation problem-solving task and guidelines of interview.

2.1. Problem-Solving Task of Cubes and Pyramid
It aims to prove a theorem that shows the correlation between cubes and pyramid. The following
presents the problem-solving task of cube and pyramid the students should complete.

Prove the Truth of the Following Statement!

If area of the base of the cube = area of the base of the pyramid and the length of cube = 2 x the
height of pyramid, then the volume of the cube = 6 x Pyramid volume

Figure 2. Argumentation Problem-Solving Task

The structure of mathematical argumentation in solving cube and pyramid problem are presented as
follow.

(5]
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Figure 3. The Problem Structure Based on the Toulmin Scheme

2.2. Guidelines of Interview

The guideline of interview is used as reference of the researcher in interviewing the subject. It aims
to confirm the results of think out loud strategy. It applies unstructured interview which questions are
adjusted with the students’ mathematical arguments. The interview session begins after the students
complete the given task. The research process includes: First, the students solve the problem
individually through think-out-loud strategy, while the researcher records the process. Second, the
researcher has a task-based interview with the students to confirm their mathematical arguments in
solving the problem.

In this stage data analysis, the researcher should make (1) transcription on the data collected from
think-out-loud strategy and interview, (2) data reduction that involves describing, selecting main
aspects, focusing on fundamental aspects, eliminating any unnecessary things, and organizing any raw
data, (3) data codification that involves written data collection, data categorization, category labeling
with specific terms, (4) description on students’ mathematical argumentation competence in solving
argumentation (i.e.,fo-prove) problems, and (5) conclusion.

3. Result and Discussion

The result of this study on Students of STKIP PGRI Jombang reveals three kinds of mathematical
arguments, including inductive-incomplete, inductive-complete, and deductive arguments. The
following describes each of those in more detail.

3.1. Inductive-Incomplete Argument

Inductive-incomplete argument shows that the subject uses particular examples to verify the truth
of a statement (inductive argument), and the argument does not show all the components of Toulmin
scheme. 20 students are found using inductive-incomplete arguments. An example of student’s written
work that uses inductive-incomplete argument is as follows.
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Figure 4. S1 Written Work

Based on Figure 4 it appears that SI uses a special example in proving the truth of a statement. S1
assume the area of the base of the cube = 16 cm? = area of the base of the pyramid, the length of cube
= 4 cm and the height of pyramid = 2 cm. Volume of the cube = area of the base of the cube x height

of cube = 16 x 4 = 64. Volume of the pyramid =% X area of the base of the pyramid x height of
pyramid=§ X 16 x 2 =10.67. Finished volume of the cube = 6 x Volume of the pyramid =6 x 10.67

= 64. According to the S1 mathematical argumentation, it can be presented in the Toulmin scheme, as

follows.
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Figure 5. Mathematical Argumentation Scheme of S1

However, the subject fails to correctly reveal the qualifier (Q) of the conclusion on his mathematical
argument. Qualifier (Q) should actually be a probability, as conclusion may only apply on specific
examples the subject gives, and it may never apply generally. In addition, the subject may not think
about rebuttal (R) in his mathematical argument. It is according to the result of interview between the
researcher and S1, as follow.

/ Qualifier (Q) / Conclusion (C)
P : What about the conclusion level?
S1 | : It is confirmed that as it clearly shown

from this way. If we want to take the length of the cube side which is not 6 cm, it
confirms that the cube volume = 6 x pyramid volume

P : Is there any rebuttal for this conclusion?

S1 | :1did not think of it

3.2. Inductive-Complete Argument
Inductive-complete Argument shows that the subject uses particular examples to reveal the truth of
a statement (i.e., inductive argument), and the argument contains all the components of Toulmin
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Scheme. 15 students are found applying this argument. One example that shows a student’s written
work with such argument (S2) is presented in the following.
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Figure 6. S2 Written Work

Based on Figure 6 it appears that S2 uses a special example in proving the truth of a statement. S2
assume the length of cube = 6 c¢m, so the height of pyramid = 3 cm. The area of the base of the cube =
s x s = 36 cm2, so area of the base of the pyramid = 36 cm2. Volume of the cube = s3 = 63 = 216.

Volume of the pyramid =§ X area of the base of the pyramid x height of pyramid =§ X 36 x 3=36.

Finished volume of the cube = 6 x Volume of the pyramid. An interview with a student regarding to
his written work (S2) shows this kind of argument, as follow.

Qualifier (Q) Conclusion (C)
7

P : what abéut the conclusion level?
S2 | : probably, since I did not look into the

length of the cube side, the height of the pyramid, the base area of the cube, and
the base area of the pyramid thoroughly. [ just saw that the length of the cube side
=6 cm, and thus, the height of the pyramid = 3 c¢m, and the base area of the cube
= the base area of the pyramid = 36 cm?
P : 1s there any rebuttal on this conclusion?

S2 | No,jldon,t think so, as no matter how much the length of the cube side, the

pyramiid height, and the base arca of those two buildings, the cube volume
remajns = 6 x the pyramid volume

Rebuttal (R)

According to the S2 mathematical argumentation and from the result of interview between the
researcher and S2, it can be presented in the Toulmin scheme, as follows.
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Figure 7. Mathematical Argumentation Scheme of 82
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3.3. Deductive-Complete Argument

Deductive-complete argument shows that the subject applies axiom reduction, algebra
manipulation, or rebuttal example to reveal the truth of a statement (i.e., deductive argument), and it
shows each component of Toulmin Scheme. 5 students are found applying deductive-complete
arguments. One example that shows a student’s written work with such argument (S3) is presented in
the following.
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Figure 8. S3 Written Work

Based on Figure 8 it appears that S3 assume the length of cube = a, the area of the base of the cube =
a2 = area of the base of the pyramid, the height of pyramid = %aA Volume of the cube = area of the

base of the cube x height of cube = a2 x a = a3. Volume of the pyramid =§ X area of the base of the
pyramid x height of pyramid =§ xa? x %a = 233‘ Finished volume of the cube = 6 x Volume of

the pyramid =6 x Ea3 =a®. An interview with a student regarding to his written work (83) shows this

kind of argument, as follow.

Qualifier (Q) Conclusion (C)

P |: what about th€ conclusion level?
S2 | it is confirmed that * as I showed the

length of the cube side, the pyramid height, and the base area of both buildings
generally, which is a for instance, [ also used the formula of volume and algebraic
operation to solve the problem.

P |: Is there any rebuttal for this conclusion?

S2 | No, there is no . as the conclusion has already applied generally

Rebuttal (R)

According to figure 8 and from the interview between the research and S3, it can be presented in
Toulmin Scheme, as follow.
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Figure 9. Mathematical Argumentation Scheme of S3

At the college level, students should use deductive arguments. But the results of this study indicate
that there are students who still use non-deductive arguments (ie inductive arguments). This is in
accordance with the results of research [18], [19]. Therefore it is necessary to have an evaluation in the
learning process. One that must be evaluated is the learning model. The applied learning model must
develop students' mathematical argumentation skills.

Inductive-incomplete argument shows that the students have less capability to reveal the qualifier
(Q) and rebuttal (R). They did not see that the conclusion they made inductively was not absolute in
nature. Hence, qualifier (Q) is fundamental to thoroughly see how mathematicians contended [19].
The students who use inductive arguments show that they have no capability to construct a valid
scheme of argument. It is similar to [20-24] that students are unable to distinguish between valid and
invalid evidence. Those with inductive arguments have less competence to formally construct
evidence/proof, and thus, they do not conduct any evidence validity process. Another factor is that
they get confused to begin and have no clue to construct evidence in formal way [25].

Furthermore, there are some implications of inductive arguments (either incomplete or complete
one) to students. One of those is making them difficult to manipulate mathematical expression that is
equal to another form. They have verbal knowledge, but they cannot write in formal symbols. Such
condition makes discrepancies on arguments that make them fail constructing formal evidence.

Finding the process of mathematical argumentation is very fundamental for students, as it may give
them pictures about the process of constructing success and failure in proving things. Additionally, it
is also helpful to give them guidelines on how evidence/proof should be taught in such a way and how
concepts should be constructed in their mind. The scheme of inductive argument indicates that
students learn neither mathematical concept nor deductive argument yet. Or, otherwise, they have
already learned it but the concept is not that meaningful for them to be embedded and applied.
Therefore, in developing their students’ mathematical argumentation competence, lecturers should
shift the scheme from inductive to deductive one [27]. In developing students' mathematical argument
skills, lecturers can apply the infusion leaming strategy [28]. Three types of mathematical arguments
made by students to solve cube and pyramid problems include inductive-incomplete, inductive-
complete, and deductive. Apart from the three types of mathematical arguments, there may be other
types of arguments that are related to the intuitive structural as well as the research results [20], [29].

4. Conclusion
There are three kinds of arguments. Those are inductive-incomplete, inductive-complete, and
deductive arguments. Inductive-incomplete argument shows that the subject uses particular examples
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to verify the truth of a statement (inductive argument), however, the argument does not show all the
components of Toulmin scheme. Inductive-complete Argument shows that the subject uses particular
examples to reveal the truth of a statement (i.e., inductive argument), and the argument contains all the
components of Toulmin Scheme. Finally, Deductive-complete argument shows that the subject applies
axiom reduction, algebra manipulation, or rebuttal examples to reveal the truth of a statement (i.e.,
deductive argument), and it shows each component of Toulmin Scheme.
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